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1 Lemma 5.1

Let Fr be a rank r free group, and let C(Fr) be the set of conjugation
classes (or cyclic equivalance classes) in Fr. For every [w] ∈ C(Fr), there
is a (algebraic) function f[w] : Xr,n → C given by f[w]([ρ]) = tr(ρ(w)), where
Xr,n is the GIT quotient of Hom(Fr, SL(n,C)) by the conjugation action of
SL(n,C). These functions are well-defined on conjugation classes in both
Fr and Hom(Fr, SL(n,C)) since the trace is conjugation invariant, and are
further well-defined on classes in Xr,n since the trace is continuous.

Definition 1. A word w ∈ Fr is n-special if there exists w′ ∈ Fr so that
[w] 6= [w′] and f[w] = f[w′] in C[Xr,n]. The pair (w,w′) will be called a n-
special pair, or n-equivalent.

Let F2 = 〈a, b〉. It is easy to show that 2-special words exist, for example
a and a−1 (any pair (w,w−1) is thus 2-special; we will call such a pair an
inverse pair). More interestingly Horwowitz [Hor72] shows that there are
unboundedly many distinct elements C(F2) that are all simultaneously 2-
equivalent (so there are examples that are not inverses and not reverses and
not any other finite relationship).

It is not known whether 3-special words exist. Using Mathematica we
have checked all words up to length 20 and found no 3-special pairs.

Remark 1. Since F2 < Fr for r ≥ 2, it suffices to find words in F2. Con-
versely, as pointed out to us by Greg Kuperberg, if s < r, then Fr is isomor-
phic to an equiconjugate subgroup of Fs. So, if there are n-special pairs in Fr

with r > 2, then there are n-special pairs in F2 (which is not at all obvious a
priori). Note that a subgroup H of a group G to be equiconjugate if every two
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elements a and b in H that are conjugate in G, are already conjugate in H.
So WLOG we need only consider F2; that is, we have shown that n-special
words exist in Fr if and only if they exist in F2.

Given the extra symmetry that free groups of rank r > 2 give in the ring
structure of C[Xr,n] for n > 2, we view this as a good sign for find special
pairs in a free group of rank 2.

Remark 2. v and w are non-conjugate words iff there is a representation
into some potentially large SL(n,C) whose traces are different. Proof (via
Ilya Kapovich): There is a finite quotient that preserves the conjugation in-
equivalence. In that setting characters determine conjugation classes.

Remark 3. For a free group of rank 1, u and v are conjugate iff tr(u) = tr(v).

Since SL(2,C) < SL(n,C) for n ≥ 2, any n-special word is 2-special. So
classifying the 2-special words reduces the candidate words in a search for 3-
special words (for instance). Let r(w) be the reverse of w; that is, taking the
letters of w and writing them in reverse. The shoes-and-socks observation
shows r(w(a−1, b−1)) = w(a, b)−1. Any pair (w, r(w)) will be called a reverse
pair.

Lemma 1 (Reverse Lemma). (w, r(w)) is a 2-special pair for all w ∈ F2.
But for Fr, r ≥ 3, (w, r(w)) is not always n-special for any n ≥ 2. Moreover,
for F2, (w, r(w)) is not always n-special for n ≥ 3.

Proof. We shorten tr(ρ(w)) to simply tr(w) in this argument to ease the no-
tation since in this context ρ ∈ Hom(Fr, SL(2,C)). Since tr(w) = tr(w−1), we
obtain tr(w(a, b)) = tr(w(a, b)−1) = tr(r(w(a−1, b−1))). Therefore, tr(r(w(a, b))) =
tr(w(a−1, b−1)). By the Fricke-Vogt Theorem, X2,2

∼= C3 parametrized by
(tr(a), tr(b), tr(ab)) (see [Gol08] for a modern treatment). Thus, there exists a
(unique) polynomial P ∈ C[x, y, z] such that tr(w(a, b)) = P (tr(a), tr(b), tr(ab)).
We conclude

tr(r(w(a, b))) = P (tr(a−1), tr(b−1), tr(a−1b−1)) = P (tr(a), tr(b), tr(ab)) = tr(w(a, b)).

To show that this statement is generally false for Fr for r ≥ 3 it suffices to
find two representations for which tr(abc) 6= tr(cba). Here is such an example:

For instance, a 7→
(

0 −1
1 0

)
,b 7→=

(
0 2
−1/2 0

)
,and c 7→

(
i 0
0 −i

)
or

c 7→
(
−i 0
0 i

)
gives two such representations.
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As it turns out, X3,2 is a branched double cover of C6 and tr(abc) =
tr(cba) is exactly the branch (again see [Gol08]). Along the same lines,
X2,3 is a branched double cover of C8 (see [Law07]). The branch is exactly
determined by tr(aba−1b−1) = tr(b−1a−1ba); showing that even for r = 2 the
pairs (w, r(w)) are not always n-special for n ≥ 3.

Remark 4. We take the point-of-view that reverse pairs and inverse pairs
being special is a (r, n) = (2, 2) “accident” resulting from the surprising
Fricke-Vogt Theorem (it is surprising since the moduli space is affine, in par-
ticular smooth, despite there being reducible representations which morally
should be singularities). Although it is not obvious that inverse pairs are
never n-special for n ≥ 3, the following is true: if the word map w(a, b) :
SL(3,C)×SL(3,C)→ SL(3,C) given by (A,B) 7→ w(A,B) is dominant then
the words (w,w−1) are not n-special for n ≥ 3 (this is simply the observation
that tr(A) 6= tr(A−1) for all A ∈ SL(3,C)). But the word map is dominant
for non-trivial words (see [Bor83]).

Remark 5. I want to prove now that reverse pairs never work in general
either.

With respect to a generating set for Fr, we will call a word positive if its
reduced form has only positive exponents.

Lemma 2 (Lemma 5.1 Redux; [LLM]). Let n ≥ 2. If (u, v) ∈ F×22 is n-
special, then there exist a pair (u′, v′) ∈ F×22 that are n-special where u′, v′ are
positive.

Proof. For the n = 2 case, the Reverse Lemma (Lemma 1) establishes the
statement formally. For n > 2 we now describe an algorithm that should
generally produce a positive special pair given special pair (the algorithm
will not work for n = 2 as it will always output a positive pair (u′, v′) where
[u′] = [v′]).

In what follows, let ρ(a) = A be an n × n matrix. Recall the Cayley-
Hamilton formula: 0 =

∑n
k=0(−1)n−kCn

k (A)Ak where the coefficients Cn
k (A)

arise from the characteristic equation det(tI −A) =
∑n

k=0(−1)n−kCn
k (A)tk.

We know that Cn
n(A) = 1, Cn

n−1(A) = tr(A) and Cn
0 (A) = det(A). By

Newton’s trace formulas each Cn
k (A) is a polynomial in the traces of non-

negative powers of the matrix A. In any event, since det(A) = 1, we can
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multiply the Cayley-Hamilton formula by a word UA−1 := ρ(ua−1) on the
left and another word V := ρ(v) on the right. This results in

UAn−1V +
n−1∑
k=1

(−1)n−kCn
k (A)UAk−1V = (−1)n+1UA−1V. (1)

Thus, by taking the trace of both sides, we have:

tr(UA−1V) = (−1)n+1tr(UAn−1V) +
n−1∑
k=1

(−1)k−1Cn
k (A)tr(UAk−1V). (2)

This shows that given any word w with negative exponents, one can iter-
atively apply the preceding formula in the coordinate ring C[Xr,n] (which
is generated by traces of words by results of Procesi [Pro76]) to obtain an
expression for tr(w) as a polynomial in traces of positive words.

Now, suppose (u, v) is a special pair. After cyclically reducing u and v,
given results of Horowitz ([Hor72]) and that n-special implies 2-special, we
can assume that u and v have the same word length and the same (signed)
multiplicity of each letter.

Then applying the preceding algorithm to tr(u) and to tr(v) results in
polynomial expressions Pu and Pv in terms of traces of only positive words.
By inspection of the replacement formula defining the algorithm, one sees
that there will be a trace term with a longest word. That is Pu = tr(u′) +L,
and likewise Pv = tr(v′) +L′ where both L,L′ contain terms made of at least
two products of traces of shorter positive words. However, since C[Xr,n] is a
filtered ring and , since tr(u) = tr(v), we conclude that tr(u′) = tr(v′). Thus,
(u′, v′) will be a special positive pair as long as the corresponding words are
not cyclically equivalent. However, since n ≥ 3, [u′] 6= [v′] since otherwise
the original pair (u, v) would satisfy [u] = [v] which is not the case (in the
n = 2 case [u′] = [v′] so nothing is gained).

Remark 6 (Long Remark). This argument is an improvement from the one
in our arXiv posting since (a) it no longer appeals to the GL(n,C) case via
étale covering (the point there was to appeal to the grading, but the filtration
in the SL(n,C) case is sufficient), (b) “trading up” is now explicitly defined
as a computational algorithm (I have even tested it in Mathematica), and (c)
the exclusion of n = 2 is now explained. However, the last sentence of this
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argument is hard to fully justify since no such words are known to exist. It
was not fully explained in the original argument either. I suppose the idea is
this. All identities in Xr,n result from what the PI-theorists call “consequences
of multilinearization” of the Cayley-Hamilton formula. I am not going to
explain this now, but it is an established theorem which can be made precise (
see [DF04]). Suffice it to say if these words exists, they determine a relation,
and thus they must come from this process. And the words coming from this
process are all permutations of the letters in a single positive word (that does
not result in a cyclic equivalence). In the end, either these words exist or
they don’t. If the latter, this lemma is vacuously true, and if the former,
as in the n = 2 case, I am confident they will exist with positive exponents.
This is simply because C[Xr,n] = C[SL(n,C)×r)SL(n,C) gains its structure and
properties from the graded ring C[Yr,n] := C[gl(n,C)×r)SL(n,C) by specializing
the r determinants to 1 (see [Law07] and [Law08] for a precise ring theoretic
correspondence). And so if these words exist here C[Xr,n] then they will exist
here C[Yr,n]; in the latter no words ever have negative exponents.

2 Conjectural Picture

Let’s suppose for now that Lemma 5.1 Redux holds (despite the last sentence
of its proof not being fully justified). Then to find 3-special pairs, one would
like to search among positive 2-special pairs (a smaller data set). As it turns
out this class of words appears to form a unique data structure (which seems
interesting in its own right and probably relates to Anderson’s Conjectural
Classification [And03]).

Figure 1: Diagram of Positive 2-Special Pairs
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The directed quiver in Figure 1 (it is not a tree since it contains a cycle),
has Z/2Z symmetry, arising from the outer-automorphism {a 7→ b, b 7→ a}.
The “seed” of this quiver is the pair (abaabb, babbaa). As noted above this
is just a reverse pair, but it arises from somewhere deeper. Using the al-
gorithm in Lemma 5.1 Redux, in SL(3,C), this word pair is equivalent to
(aba−1b−1, bab−1a−1). The trace of these words determines the branching
locus in X2,3, and one can show the branching locus contains the represen-
tations F2 → SL(2,C) ⊂ SL(3,C). This gives a geometric reason for this
seed pair. If 3-special pairs exists, there will likewise be a geometric reason
in the SL(4,C)-character variety X2,4 simply since non-trivial trace identities
correspond to hypersurfaces (one would hope to find such a hypersurface
that contains the reducible representation of the form 3-block by 1-block).
It is known that X2,4 is not a complete intersection (let alone a branched
double-cover); [LBT90]. The geometry of this moduli space is unknown, and
we expect it to be more challenging to explore than the comparable cases
X2,2 (affine) and X2,3 (hypersurface). Note: the branch locus for X2,3 is de-
termined by the transpose-fixed characters (see [FL09]). This is perhaps a
place to start a geometric investigation for X2,4.

In any event, the directed quiver of positive 2-special pairs conjecturally
is grown from the seed by simply right multiplication by lower length words
(that is how the branches are formed) by “well-chosen” cyclic representatives
of the words in the pair. Right multiplication also is an outer-automorphism.
There is one remaining generator for Out(F2), namely inversion of letters.
This does not preserve positivity (although I guess that when applied “in
the right way” it will turn the quiver into another quiver of 2-special pairs
(no longer positive); this should be related to Anderson’s Conjectured Clas-
sification of 2-special words ([And03]).

My (undergraduate) research students (and Ben and I) are working on
this conjecture presently (via computation, data analysis, and theoretical
considerations). It is worth noting that the positive 2-special pairs so far
seem to also be reverse pairs. If that is the case, then the reason one picks
a certain cyclic equivalence representative for the right multiplication is to
make the resulting pair symmetric with respect to reverse.

Yet another conjectural possibility, is that the levels (determined by word
length) of the quiver are determined by writing (abaabb, babbaa) in terms of
all primitive pairs for F2 (primitive pairs are just generating sets).

A corollary to this last statement (strongly dependent on Lemma 5.1)
would be that 3-special pairs do not exist. The proof is as follows: (abaabb, babbaa)
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is not n-special for any n ≥ 3 as explained above (the n = 3 already fails).
But “changing the basis” (writing in terms of a different primitive pair than
{a, b}) result in an isomorphism of X2,3 and so the resulting pair remains not
3-special (and thus not n-special for any n ≥ 3).

Even if this last statement (that the quiver is determined by writing the
seed in different primitive pairs) is not true, but yet all the pairs on the quiver
are always reverse pairs, then I expect to again be able to prove (subject
to Lemma 5.1) that 3-special pairs do not exist (reverse pairs seem like a
property peculiar to SL(2,C) only, like the peculiarity of pairs (w,w−1)).

But even if not all pairs on the quiver turn out to be reverse pairs, classify-
ing the positive 2-special pairs seems important in its own right and certainly
reduces the collection of words in the hunt for 3-special pairs (still infinite,
but at least explicitly given), and gives further structure to work with. And it
seems related to Anderson’s conjecture (via outer automorphisms) too; that
alone is a pretty conjectural picture (and not dependent on Lemma 5.1).

Remark 7 (Unfortunate Remark). On the other hand, it could just mean
Lemma 5.1 is false. Anyway, we don’t know for sure. We are just exploring
the question and trying to offer ideas.

3 Coda

3.1 Generic Unimodular Matrices

For 1 ≤ k ≤ r, and 1 ≤ i, j ≤ n define a generic matrix of the complex
polynomial ring in n2r indeterminates by xk = (xijk) , which is an n × n
matrix (i is row, j is column, k is fixed for each matrix).

Let F+
r be the free monoid generated by {x1, ..., xr}, and let M+

r be the
monoid generated by {x1,x2, ...,xr} under matrix multiplication and with
identity I the n×n identity matrix. There is a surjection F+

r → M+
r , defined

by mapping xi 7→ xi. Let w ∈ M+
r be the image of w ∈ F+

r under this map.
Further, let | · | be the function that takes a reduced word in Fr to its word
length.

Let x∗k be the transpose of the matrix of cofactors of xk. In other words,
the (i, j)th entry of x∗k is

(−1)i+jCofji(xk);

that is, the determinant obtained by removing the jth row and ith column of
xk. Let M∗r,n be the monoid generated by {x1,x2, ...,xr} and {x∗1,x∗2, ...,x∗r}.
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Observe that
(xy)∗ = y∗x∗

for all x,y ∈ M+
r , and

xx∗ = det(x)I.

Now let ∆r,n be the sub-monoid generated by

{det(xk)I | 1 ≤ k ≤ r},

and subsequently define Mr,n = M∗r,n/∆r,n. Notice in Mr,n, x∗ = x−1, and
thus Mr,n is a group.

We will need the structure of an algebra, and to that end let CMr,n be
the group algebra defined over C with respect to matrix addition and scalar
multiplication in Mr,n. Likewise, let CM∗r,n be the semi-group algebra of the
monoid M∗r,n.

The following commutative diagram relates these objects:

F+
r −−−→ Fr Fry y

M+
r,n −−−→ M∗r,n −−−→ Mr,ny y y

CM+
r,n −−−→ CM∗r,n −−−→ CMr,n

tr−−−→ C[Xr,n],

where the trace map is surjective.

Remark 8. The Cayley-Hamilton Identity and the algorithm from Lemma
2 are properly understood in CMr,n.

Now suppose (tr(u), tr(v)) is a special pair, then v,u ∈ tr−1(tr(u)) such
that [u] 6= [v]. In other words, u − v maps to 0 under tr. Thus, u − v
is a generic traceless matrix. The generic traceless matrices form a subring
C[z1, ..., zr] such that C[tr(x1), ..., tr(xr)]⊗CC[z1, ..., zr] = CMr,n by replacing
each xi with zi := xi− 1

n
tr(xi)I. A good example of this is seen for the 2× 2

case: x− x−1 = 2(x− 1/2tr(x)I) = 2z.
Now recursively apply Equation 1 to each of u,v in u − v in C[Mr,n].

This will result in u− v = u′ ± v′ +L where L is a sum of positive words of
strictly lower word length than u′,v′ with coefficients being traces of positive
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words also of smaller word length. This expression is still in the sub-ring of
traceless generic matrices. Therefore, there exists a expression P (z1, ..., zr) =
u′ ± v′ + L. But products of traceless matrices need not be traceless. Can
we deduce that P is linear (probably)?

We should be able to ascertain that tr(u′) = tr(v′) from this point-of-
view, but I don’t have a proof.

So from this point of view, we are trying to analyze the structure of
the null-cone of the trace map in C[Mr,n]; namely, does it generally contain
binomials modulo the traceless sub-algebra?

Returning to the example above x − x−1 = x + x − tr(x)I. A more
complicated 2× 2 examples is this:

tr(aaba−1b−1a−1bab−1) =
tr(b)2tr(a)2tr(aaabb)−tr(b)tr(a)2tr(aaabbb)−tr(b)tr(a)2tr(aabbab)+tr(a)2tr(aabbbab)−

2tr(b)2tr(a)tr(aaabab)+tr(b)tr(a)tr(aaababb)+tr(b)tr(a)tr(aaabbab)+2tr(b)tr(a)tr(aababab)−
tr(a)tr(aababbab)−tr(a)tr(aabbabab)+tr(b)2tr(aaabaab)−tr(b)tr(aaababab)−
tr(b)tr(aabaabab) + tr(aabababab)

tr(aabab−1a−1ba−1b−1) =
tr(b)2tr(a)2tr(aabab)−2tr(b)tr(a)2tr(aababb)+tr(a)2tr(aababbb)−tr(b)2tr(a)tr(aaabab)−

tr(b)2tr(a)tr(aabaab)+tr(b)tr(a)tr(aaababb)+tr(b)tr(a)tr(aabaabb)+2tr(b)tr(a)tr(aababab)−
tr(a)tr(aabababb)−tr(a)tr(aababbab)+tr(b)2tr(aaabaab)−tr(b)tr(aaababab)−
tr(b)tr(aabaabab) + tr(aabababab)

We see the traces of the longest words are equal.

Remark 9. Another approach, is to look for PI-Identities in the ring of
generic matrices (no determinant conditions). Then take traces, then restrict
to SL(n,C). That way we don’t have to worry with “pulling back” (see below).
Find such pairs would not only prove Lemma 5.1 formally (not necessarily
justifying the algorithm), but would also resolve Property A. I am going to
contact some PI-theorists I know about this.

3.2 Z/nZ-Multi-Grading

The center Z(SL(n,C)) ∼= Z/nZ with generator γI where γ is a primitive
root of unity. We claim that there exists a Z/nZ-multigrading on Xr,n. Let

(γ1, ..., γr) · tr(w(x1, ...,xr)) = tr(w(γ1x1, ..., γrxr))

= γ
|w(x1,I,...,I)|
1 · · · γ|w(I,...,I,wr)|

r tr(w(x1, ...,xr)).
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Fix all γi to be the same primitive, then (γ
|w(x1,I,...,I)|
1 , ..., γ

|w(I,I,...,xr)|
r ) 7→

(n1, ...nr) ∈ (Z/nZ)r where each ni is a least residue. This defines the multi-
grading. Note that it corresponds to an integral filtration on C[Xr,n] which
is inherited from the integral multi-grading defined likewise using (C∗)r on
the coordinate ring of Yr,n := gl(n,C)r//SL(n,C).

A good example is tr(AB−1) with respect to SL(3,C), which has multi-
degree (1, 2), as does tr(A)tr(B−1). In this sense, “squares and inverses are
equivalent” in SL(3,C). Also, det(A) = tr(A3) + other terms, has degree 0
in C[X1,3] since γ3 = 1 7→ 0 ∈ Z/3Z which is expected since the determinant
is 1, but in C[Y1,3] it has degree 3 as expected.

In these terms, the Equation (2) is homogeneous, so the terms cannot be
distinguished from each other from by multidegree alone.

There is another filtration coming from the trace words themselves. The
set {tr(w)} is a generating set for both C[Xr,n] and C[Yr,n]. The ideal of
relations in C[Yr,n] is homogeneous and so is graded with respect to a minimal
generating set. This descends to a filtration on C[Xr,n] (in the same way the
word length grading on C[Yr,n] descends to a filtration, that determines a
Z/nZ-grading).

In these terms, after recursively applying Equation (2) to both sides of
tr(u) = tr(v), the two terms tr(u′) and tr(v′) are the only terms that are
linear in the trace generators. If the ring was graded in these generators we
could therefore conclude equality, but that is not the case.

On the other hand, this identity, now only in terms of positive words, lifts
to an identity in C[Yr,n] since C[Yr,n]→ C[Xr,n] by quotienting by the ideal
generated by det(xi)− 1 for all i. Now this lifted relation should continue to
have only degree 1 terms tr(u′) and tr(v′) (there is still a problem since this
generator may not be in a minimal generating set, and so may only appear
to be a degree 1 term, but we can reduce to a minimal set and keep track
along the way).

In fact, we can change the algorithm to use the fully general characteristic
polynomial (don’t assume determinant is fixed). Then, we obtain an identity
that is already in C[Yr,n] for tr(u) = tr(u′) +L and tr(v) = tr(v′) +L′. Their
difference however may not be always 0 on all of GL(n,C)r (it will be 0 on
all of SL(n,C)r). But we can adjust that since the only difference between
the two settings is with the determinants (here we again appeal to the étale
cover), the problem is that we may have to multiply the top trace term by
an expression (I doubt it for n ≥ 3 though). Assuming this works, we can
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lift to an honest identity in an honest graded setting.
Now I guess we reduce to a minimal generating set, and keep track of

that reduction for tr(u′) and tr(v′). In a minimal generating set we should
be able to argue these have distinguishable multi-degree expressions in the
trace generators from the other original terms, and thereby conclude the
expressions are equal. Putting them back together and restricting back to
SL(n,C) should give us the desired identity.
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