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Abstract

A knot k in S3 has tunnel number one, if there exist an arcτ embedded inS3, with k ∩ τ = ∂τ ,
such thatS3− intN(k ∪ τ) is a genus 2 handlebody.

In this paper we construct for each integerg > 2, infinitely many tunnel number one knots, whose
complement contain a closed incompressible surface of genusg.  1999 Published by Elsevier
Science B.V. All rights reserved.
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1. Introduction

An important problem in knot theory is that of determining all incompressible surfaces
in a given knot complement. A class of knots which has been widely considered is that
of tunnel number one knots. Recall that a knotk in S3 has tunnel number one if there
exists an arcτ embedded inS3, with k ∩ τ = ∂τ , such thatS3− intN(k ∪ τ ) is a genus 2
handlebody. There are some results which limit the set of incompressible surfaces in these
knots. It is known that the complement of any of these knots do not contain any essential
meridional planar surface, i.e., a planar surface which is incompressible,∂-incompressible
and whose boundary consist of meridians of the knot [18,19,10]. Note that the situation is
quite different for tunnel number two knots, for it follows from [8] that the complement
of many 3-bridge knots, hence tunnel number two knots, does contain essential meridional
planar surfaces. On the other hand, considering closed surfaces, there exists satellite tunnel
number one knots, i.e., knots whose complement contain an incompressible non-peripheral
torus, however this is a limited class of knots which have been classified by Morimoto and
Sakuma [16].
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The following questions are asked by Gordon and Reid [10],

Questions. Can the complement of a tunnel number one knot inS3 contain a closed
incompressible surface of genus> 2?

Can the complement of a tunnel number one knot inS3 contain an essential meridional
surface?

In this paper we give an affirmative answer to the first question. In fact we construct for
every integerg > 2, infinitely many tunnel number one knots whose complement contain
a closed incompressible surface of genusg.

In a related paper [6], we give an affirmative answer to the second question, by
constructing for everyg > 1, tunnel number one knots whose complement contain an
essential meridional surface of genusg.

Morimoto and Sakuma construction of satellite tunnel number one knots is as follows:
Let M be the exterior of a torus knot, and letN be the exterior of a 2-bridge link inS3.
Identify ∂M and a component of∂N , in such a way that a meridian ofN is glued to a fiber
of the Seifert fibration ofM. The result is the exterior of a satellite knot with companion a
torus knot, which has tunnel number one.

In [5] a different description of satellite tunnel number one knots is given, this is obtained
by putting the knots in an appropriate 1-bridge presentation. Recall that a knotk in S3 has
a 1-bridge presentation with respect to a standard torusT if k meetsT transversally in
two points, which dividek into two arcsk1 andk2, such that each of these arcs is parallel
to T , i.e., there are arcsδ1 andδ2 in T , and disksD1 andD2 such that∂Di = ki ∪ δi ,
andT ∩Di = δi , for i = 1,2. Clearly such a knot has tunnel number one. Now to describe
satellite tunnel number one knots, take a knotk having a 1-bridge presentation with respect
to T in such a way that the projection intoT of both arcs ofk is contained in an essential
annulusA⊂ T , whose core is a nontrivial torus knot. The knotk then lies inN(A), and
∂N(A) is an incompressible torus in the complement ofk.

To construct tunnel number one knots whose complement contain an incompressible
surface of genus 2, take a knot having a 1-bridge presentation with respect toT in
such a way that one of the arcs projects to an annulusA, and the other arc projects to
another annulusB. The knot will lie in a neighborhood of a plumbing of the annuliA
andB, which is a genus 2 handlebody, and whose boundary is a surface of genus 2,
which is incompressible if the annuliA andB are suitable chosen. This construction
is generalized to obtain tunnel number one knots whose complement contain a closed
incompressible surface of arbitrary genus. This is done as follows: Taken parallel tori
T1, . . . , Tn, standardly embedded inS3, and take an essential curveγi in each one of the
tori. Taken − 1 straight arcsαi joining consecutive curves. The union of the curves and
the arcs form a graphΓ , which we call a toroidal graph. Note thatN(Γ ) is a handlebody
of genusn. If the curvesγi satisfy certain natural conditions thenN(Γ ) is knotted inS3,
i.e., S = ∂N(Γ ) is incompressible inS3 − intN(Γ ). Let η(γi) be a neighborhood ofγi
in the torusTi , this is an annulus. Now letk be a knot in level position with respect toΓ ;
by this we mean thatk ⊂ (⋃η(γi)) ∪ (⋃N(αi)), such thatk ∩ η(γi) consist of two arcs
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for 26 i 6 n− 1, k ∩ η(γi) is one arc fori = 1, n, andk ∩N(αi) consists of two straight
arcs. It follows thatk has tunnel number one, and ifk is well wrapped inN(Γ ), thenS is
incompressible inN(Γ )− k.

The knots just described are in some sense the simplest tunnel number one knots whose
complement contain a closed incompressible surface. The construction of these knots and
the corresponding surfaces is contained in Lemmas 2.1 and 3.1 and Theorems 4.1 and 5.1.
The above construction can be generalized to produce more tunnel number one knots
whose complement contain a closed incompressible surface. This is done in Section 6.

LetM be a compact 3-manifold, and letS be a surface inM, either properly embedded
or contained in∂M. Let k be a knot inM disjoint fromS. We say thatS is meridionally
compressible in(M,k) if there is an embedded diskD inM, with S ∩D = ∂D, which is a
nontrivial curve inS, and so thatk intersectsD at most in one point. OtherwiseS is called
meridionally incompressible. In particular, ifS is meridionally incompressible in(M,k)
then it is incompressible inM − k.

All the incompressible surfaces constructed in this paper will be in fact meridionally
incompressible. By doing a variation of the above construction, we get the knots
constructed in [6], i.e., tunnel number one knots whose complement contain an essential
meridional surface of genusg > 1. By [4], the complement of such knots also contain a
closed incompressible surface; however such surfaces are meridionally compressible.

It should be that any tunnel number one knot whose complement contain a closed
incompressible surface of genus> 2 is hyperbolic, or in other words, the complement
of any satellite number one knot should not contain any closed incompressible surface
of genus> 2. We show in Theorem 8.1 that many of the knots constructed here are
hyperbolic. An affirmative answer to the following question would imply that any such
knot is hyperbolic.

Question. If an essential surface in the exterior of a 2-bridge link has its boundary on a
single component of the link, with slope 1/n, is then|n|6 5 ?

If k is an hyperbolic knot, andS is a closed incompressible surface in the complement
of k, then it is interesting to determine the geometry inherited byS. The surface is then
totally geodesic, quasi-Fuchsian, or it contains accidental parabolics elements. See [1] for
definitions and a discussion of this type of surfaces in knot complements. It is known that
if S contains an accidental parabolic element then there is an annulus running fromS to a
curveγ on∂N(k), and then eitherS is meridionally compressible, ork is parallel to a curve
lying onS. The first examples of knots inS3 whose complement contain a quasi-Fuchsian
surface are given in [1]. Letk be one of the knots constructed in this paper, and letS be
the corresponding incompressible surface. It follows thatS cannot be a totally geodesic
surface, for its complement contains essential annuli. AsS is meridionally incompressible
in S3− k, it follows thatS is quasi-Fuchsian if and onlyk is not parallel to a curve lying
on S. For many of the knots constructed here, the corresponding surface will be quasi-
Fuchsian, see Propositions 8.2 and 8.3.
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If k is one of the knots described here, then it follows by construction, that there is an
incompressible surfaceS in the complement ofk, and an unknotting tunnel fork, expressed
asτ = τ1∪ τ2, whereτ1 is a closed curve andτ2 is an arc connectingk andτ1, such thatS
intersectsτ in precisely one point. The complement of a neighborhood ofk∪τ is a genus 2
handlebodyH . SoS ∩H is a separating, incompressible surface inH , with one boundary
component. In other words, we have the following corollary, which gives an affirmative
answer to Question III.16 of Jaco’s book [11].

Corollary. LetH be the handlebody of genus2, thenH contains separating incompress-
ible surfaces of arbitrarily high genus.

According to Jaco, an affirmative answer to that question has been given previously, by
directly constructing the surfaces in the standard picture of a handlebody.

2. Knots in handlebodies

Let H be a compact, orientable, irreducible 3-manifold with boundary, and let
D1,D2, . . . ,Dn−1 be properly embedded disks inH which cut it into n submanifolds
H1, . . . ,Hn, such that the diskDi intersects onlyHi andHi+1. Assume also thatHi is a
solid torus for 16 i 6 n− 1, and thatHn is some 3-manifold. We say that the collection
of disksDi form a splitting system forH , and denote it by(H,

⋃
Di). See Fig. 1.

Let k be a knot inH . We say thatk is in good position with respect to(H,
⋃
Di) if k

intersects each diskDi in exactly two points. There is a natural way to breakk into n knots
k1, . . . , kn, lying inH1, . . . ,Hn, respectively; this is achieved by cuttingH along eachDi ,
then joining the extremes ofk lying in Di with an arc inDi , and then pushing it intoHi
orHi+1. See Fig. 1. We say thatk is well wrapped inH if for eachi, 16 i 6 n, Hi − ki

Fig. 1.
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is irreducible and∂Hi is meridionally incompressible in(Hi, ki). WhenHi is a solid torus
this is equivalent to saying that the wrapping number ofki in Hi is > 2. We say that the
wrapping number ofk with respect to(H,

⋃
Di) is> r if k is well wrapped inH , and the

wrapping number ofki in Hi is> r, for allHi which is a solid torus.

Lemma 2.1. Let k be a knot well wrapped inH as above. Then∂H is meridionally
incompressible in(H, k).

Proof. Suppose there is a diskD properly embedded inH , with ∂D a nontrivial curve on
∂H , so thatk intersectsD at most in one point.D can be put in general position with the
disksDi , so its intersection with these disks will consist of arcs and simple closed curves.
Let σ be a curve of intersection betweenD and

⋃
Di which is innermost onD. σ in D

bounds a diskD′, andσ bounds a diskE in someDi . Note thatD′ ∪ E bounds a 3-ball
B in Hi , say.D′ intersectsk if and only ifE intersectsk in one point, for otherwise there
will be a sphere meetingk in an odd number of points, orki would be contained in the
3-ballB, contradicting thatHi − ki is irreducible. ChangingD′ with a disk parallel toE,
and pushing it intoHi+1, we get another compression disk having fewer intersections with
theDi ’s. So we can assume that all curves of intersection have been eliminated and that
the intersection consists of a finite number of arcs.

Let σ be an outermost arc inD, chosen so thatσ cuts a diskD′ disjoint fromk. σ cuts
some diskDi in two pieces, and one of them is a diskE which missesk, or intersects
it in one point.D′ ∪ E form a disk, which is contained, say, inHi , it is parallel to
∂Hi , for otherwise it would be a compression or meridional compression disk forHi .
By cuttingD with an outermost disk contained inE, another compression disk having
fewer intersections with

⋃
Di is obtained. SoD must be disjoint from

⋃
Di , but this

again contradicts that each∂Hi is meridionally incompressible in(Hi, ki). 2
The following two lemmas are applied in Section 8.

Lemma 2.2. Let k be a knot well wrapped inH as above. Ifk is parallel to a knot lying
on∂H , then eachki is parallel to a knot lying in∂Hi .

Proof. Supposek is parallel tok′ ⊂ ∂H , then there is an annulusA embedded inH , so
that∂A= k∪k′. ClearlyA is incompressible inH −k. Consider the intersections between
A and

⋃
Di . These curves and arcs of intersection, when viewed inA can be of four types:

(1) closed curves trivial inA,
(2) arcs with endpoints in the same component of∂A,
(3) closed curves essential inA,
(4) arcs with endpoints in different components of∂A.

Let σ be such an arc or curve of intersection. Ifσ is a closed curve trivial inA, then it
can be removed by an innermost disk argument, as in Lemma 2.1. Ifσ is an arc whose
endpoints are in the same component of∂A, take one outermost, call itσ too. Suppose
first the endpoints ofσ lie on k; note this implies that someki is parallel to a diskDi ,
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which is not possible. Suppose then that the endpoints ofσ lie in k′. So σ cuts a disk
D ⊂ A with interior disjoint from

⋃
Di . σ cuts some diskDi in two pieces, and one of

them is a diskE which missesk, or intersects it in one point.D∪E form a disk, say inHi ,
its boundary is trivial in∂Hi , for otherwiseD ∪E would be a compression or meridional
compression disk forHi . If D ∪E is parallel to∂Hi and parallel to a disk in∂H , then cut
A with an outermost disk contained inE, to get another annulus isotopic toA and having
fewer intersections with

⋃
Di . If D ∪ E is parallel to a disk in∂Hi , but it is not parallel

into ∂H , then∂(D∪E) bounds a disk in∂Hi which contains a copy of bothDi andDi−1,
but this implies thatki is contained in a 3-ball, a contradiction.

So suppose there is no arcs or curves of intersection of types (1) and (2). Ifσ is a closed
curve which is essential inA, this implies thatk is parallel to a curve lying in someDi ,
i.e.,k is trivial in H , which is not possible. So the intersection ofA with

⋃
Di consist only

of arcs having endpoints in different components of∂A. Then there are exactly 2(n− 1)
of such arcs, ask intersects each diskDi in two points. This shows thatk′ meets each disk
Di in two points. By cuttingA with the disksDi , the pieces ofA show that the knotski
are parallel to knots lying in the corresponding surfaces∂Hi . 2
Lemma 2.3. LetH be a genusn handlebody, which is cut by a splitting systemDi into
n solid tori. Let k be a knot inH as above, whose wrapping number with respect to
(H,

⋃
Di) is> 3. Suppose thatH − k is atoroidal. LetA be a properly embedded annulus

in H , disjoint fromk, which is incompressible and∂-incompressible inH − k. Leta be a
component of∂A, thena is a nonseparating curve on∂H .

Proof. Note thatA is meridionally incompressible, for otherwise, cuttingA with a
meridional compression disk, a meridional compression disk for∂H would be obtained.

Consider the intersections betweenA and
⋃
Di . If A is disjoint from

⋃
Di , then

A ⊂ Hi , say. Let∂A = a1 ∪ a2, if both of these curves are nontrivial on∂Hi , then both
are nonseparating and we are done. Ifa1 is trivial in ∂Hi , then it is parallel to a copy of
∂Di , say, and thena2 is also parallel to∂Di , for otherwise,a2 is a meridian ofHi or it is
parallel to∂Di+1, but in both caseski lies inside a 3-ball. It follows thatA and the annulus
on∂Hi bounded bya1 anda2 form an essential torus, which is a contradiction.

So assumeA does intersect
⋃
Di . The curves and arcs of intersection, when viewed in

A can be of four types:
(1) closed curves trivial inA,
(2) arcs with endpoints in the same component of∂A,
(3) closed curves essential inA,
(4) arcs with endpoints in different components of∂A.

Note that arcs and curves of types (1) and (2) can be removed as in Lemma 2.2. Letσ be
a closed curve of intersection betweenA and, sayDi , which is essential and outermost
in A, i.e., it bounds with a componenta of ∂A an annulusA′ ⊂ Hi with interior disjoint
from

⋃
Di . σ in Di bounds a disk which meetsk in two points, for otherwiseA will be

compressible or meridionally compressible.a in Hi is either a meridian or it is trivial. If
the curvea is a meridian ofHi , thenki lies in a 3-ball. Ifa is trivial in Hi then either
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Fig. 2.

Fig. 3.

it is parallel to∂Di , or ∂Di−1. In the first case, asH − k is atoroidal,A′ is parallel to
the annulus on∂Hi cobounded byσ anda, soA′ can be pushed toHi+1 by an isotopy,
reducing the number of curves of intersection betweenA and

⋃
Di . If a is parallel to

∂Di−1, then againki lies in a 3-ball.
Therefore we can assume the intersection ofA with the disksDi consist of essential

arcs inA. The annulusA is then cut into squaresAj , whereAj ⊂ Hi , and ∂Aj =
α1 ∪ α2 ∪ α3 ∪ α4, whereα1 andα3 are contained inDi orDi−1, andα2 andα4 are arcs
in ∂H . There are two possibilities forAj , when considered inHi , it is either a meridian
disk, or it is trivial. If it is a meridian disk, then it must be like shown in Fig. 2, and note
that both configurations imply that the wrapping number ofki in Hi is at most 2, so by
our hypothesis this case is not possible. So the diskAj is trivial in Hi . SoAj must be as
in Fig. 3. The arcs of intersection betweenA andDi , viewed inDi , are all arcs separating
the two points of intersection betweenk andDi . LetAj ⊂Hi , 26 i 6 n− 1, a square as
above,∂Aj = α1 ∪ α2 ∪ α3 ∪ α4, whereα1 ⊂ Di−1 andα3 ⊂ Di . If α1 is an outermost
arc inDi−1, thenα3 is also an outermost arc inDi , for otherwiseAj would not be a disk
parallel to∂Hi . The same argument works ifAj ⊂ H1 or Hn. This implies thatA ∩ Hi
consists of two disks for 26 i 6 n− 1, and of one disk fori = 1, n. Note however thatA
may not be parallel to∂H . AsA∩H1 is just a disk, it is not difficult to see that a component
of ∂A is a nonseparating curve on∂H . 2
Remark. If the wrapping number of someki in Hi is 2, then an annulus inH may contain
squares as in Fig. 2, and then the annulus could be quite complicated, however the lemma
could still be true. IfHn is not a solid torus but∂Hn is incompressible, then it can be
shown, with essentially the same proof, that ifA is an essential annulus inH , then either
A is contained inHn, or a component of∂A is a nonseparating curve on∂H .
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3. Some preliminary lemmas

LetX be a compact 3-manifold with boundary. LetS be a compact surface contained in
∂X. S is ∂-compressible if there is a diskD, properly embedded inX, so that∂D = α∪β ,
whereα andβ are single essential arcs inS and∂X − S, respectively; otherwiseS is ∂-
incompressible. Note thatS is ∂-incompressible if and only if∂X−S is ∂-incompressible.

Consider the productR× I , whereR is a torus. LetA andB nontrivial annuli contained
in R0 = R × {0} andR1 = R × {1}, respectively. Letτ be a straight arc inR × I joining
points in the interior ofA andB, i.e., an arc which is transverse to each torusR×{x} in the
product. LetN(τ) be a neighborhood ofτ , assumeN(τ) ∩ R0⊂ A, andN(τ) ∩ R1⊂ B.
LetM =R× I − intN(τ), it is a genus 2 handlebody. LetP = (A∪B ∪ ∂N(τ))∩ ∂M, it
is a 4-punctured sphere contained in∂M. Let a (b) denote a component of∂A (∂B) when
projected toR0. ∆(a,b) denotes, as usual, the minimal geometric intersection number of
two curves on a torus.

Lemma 3.1. If P is compressible or∂-compressible inM, then∆(a,b)6 1.

Proof. Suppose first thatD is a ∂-compression disk forP , say∂D = α ∪ β , whereα is
in P and, say,β is in R1−B. Add a 2-handle toR × I alongB, to get a punctured solid
torusR′. ConsiderD as lying inR′. β joined with an arc inB can be seen as a longitude
of R′. Let σ an arc onA connecting its boundary components, and which is disjoint from
N(τ); orientσ andα and count its algebraic intersection number, this is called the winding
number ofα in A. It is not difficult to see that∂D is homotopic inR′ to λ±s∆(a,b)λ±1,
whereλ is a longitude ofR′, ands is the winding number ofα in A. But as∂D is trivial it
follows thats∆(a, b)=±1, which implies that∆(a,b)= 1.

Suppose thatD is a compression disk forP . Note that∂D intersects bothA andB, for
otherwiseA or B would be compressible, which is not possible. Take an annulusC ⊂M
of the formγ × I , whereγ is a curve inR0 parallel, but disjoint from the annulusA.
Note thatγ1= γ × {1} intersectsB in exactly∆(a,b) arcs.D can be isotoped so that∂D
intersects each arc ofγ1 ∩ B minimally, so it intersects each arc in the same number of
points. Look at the intersections betweenC andD; any simple closed curve of intersection
can be removed, so the intersection consist only of arcs. IfC andD do not intersect then
∆(a,b)= 0, and we are done. Otherwise, take an outermost arcσ in C. σ cuts a diskC′
whose interior is disjoint fromD. Let ∂C′ = σ ∪ δ. There are two possibilities. Ifδ ⊂ B,
then cutD with C′, getting two disks, one of them is a compression disk forP with fewer
intersections withC. But if δ is not contained inB, thenδ intersectsR1−B in one essential
arc, and by cuttingD with C′, two disks are obtained, any of them is a∂-compression disk
for P . In any case, we conclude that∆(a,b)6 1. 2

Let M be a compact, connected, orientable 3-manifold, such that∂M consists of two
incompressible surfacesT1 andT2, such thatT2 is a torus. Letα be a properly embedded
arc inM, with one endpoint in each ofT1 andT2. Suppose thatM ′ =M − intN(α) is
a handlebody of genusn > 2. Let A be a nontrivial annulus contained inT2, such that
A∩N(α)= ∅. LetP = ∂M ′ − intA.
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If γ is a nontrivial simple closed curve onT2, denote byM(γ ) the 3-manifold obtained
by Dehn filling T2 alongγ . If γ is a simple closed curve on∂M ′, denote byM ′[γ ] the
3-manifold obtained by adding a 2-handle toM ′ alongγ .

Lemma 3.2. M(γ )∼=M ′[γ ], whereγ is a component of∂A.

Proof. This is essentially [24,23,22].M is obtained fromM ′ by adding a 2-handle dual to
the arcα, say glued along a curveβ . M(γ ) is then obtained by Dehn fillingM alongγ ,
and this can be seen as adding a 2-handle alongγ , and then filling with a 3-handle, i.e., a
3-ballB. SoM(γ )∼=M[γ ] ∪B ∼=M ′[β][γ ] ∪B. Sinceγ andβ are disjoint, the order of
the two 2-handle additions can be switched, gettingM(γ )∼=M ′[γ ][β] ∪B. Note that the
2-handle added alongβ intersects the 3-handle in a disk, so they cancel each other. Then
M(γ )∼=M ′[γ ]. 2
Lemma 3.3. P is compressible or∂-compressible if and only ifM(γ ) is ∂-reducible,
whereγ is a component of∂A.

Proof. First we show that ifP is ∂-compressible, it is also compressible. LetD be a∂-
compression disk forP , thenD intersectsA in one essential arc. This implies that∂D is
a nonseparating curve on∂M ′, soD cutsM ′ into a handlebodyM ′′ of genusn− 1. The
remnants ofD andA on ∂M ′′ consist of two disks joined by a band, the union of this is
just a diskE. Then there is a meridian diskD′ forM ′′ disjoint fromE. The diskD′ when
considered inM ′ is clearly a compression disk forP .

SupposeP is compressible. IfD is a compression disk, we can assume that∂D is not
coplanar toγ , for if it is, D cutsM ′ into a solid torus and a handlebody of genusn− 1.
A meridian disk of this handlebody, which is disjoint fromγ , provides another compres-
sion disk with the required properties. After adding a 2-handle alongγ , the curve∂D
remains essential in∂M ′[γ ], that isM ′[γ ] has compressible boundary. By Lemma 3.2 it
follows thatM(γ ) is ∂-reducible.

Suppose now thatP is incompressible; by the above argument it is also∂-incompressible.
Then γ intersects any compression disk forM ′, so it follows from Jaco’s addition
lemma [12] thatM ′[γ ] has incompressible boundary. So by Lemma 3.2,∂M(γ ) is in-
compressible. 2

4. Toroidal graphs

Let T be a torus, and letI = [0,1]. Let R be a solid torus, assume that the product
T × I is embedded inR, so that T × {0} = ∂R. Choosen distinct points onI ,
e1= 0, e2, . . . , en = 1, so thatei < ei+1, for all i 6 n− 1. Consider the toriTi = T × {ei};
there is a natural projection of each of these tori intoT1. Let µi , λi be a meridian and
longitude ofTi , respectively, which project toµ1 andλ1, respectively.Tn bounds a solid
torusR1⊂R, whose interior is disjoint fromT ×I , so assume thatµn bounds a meridional
disk in R1. By a straight arc in a productT × [a, b] we mean a properly embedded arc



176 M. Eudave-Muñoz / Topology and its Applications 98 (1999) 167–189

which is transverse to every torusT × {x} in the product. Ifβ andγ are two essential
simple closed curves onT1, ∆(β,γ ) denotes, as usual, its minimal geometric intersection
number; but ifβ andγ lie in Ti andTj , respectively, then by∆(β,γ ) we mean the minimal
intersection number of projections of these curves onT1.

Let γi be a simple closed curve embedded in the torusTi , and which is essential in this
torus. Letαi , for 16 i 6 n− 1, a straight arc inT × [ei, ei+1], joining γi andγi+1, and
assume thatαi ∩ αj = ∅ if i 6= j .

Let Γ be the 1-complex consisting of the union of all the curvesγi and the arcsαj . So
Γ is a trivalent graph embedded inR. We say thatΓ is a toroidal graph of typen in R if it
satisfies the following:

(1) ∆(γi, γi+1)> 2, for all i 6 n− 1.
(2) ∆(γn,µn)> 2, that is,γn is not homotopic toλn in R1.
EmbedR in S3, so thatR is a standard solid torus inS3, and so thatλ1 is a preferred

longitude of∂R, i.e.,λ1 bounds a disk inS3− intR. Let Γ be a toroidal graph inR, and
denote byΓ0 the corresponding graph inS3. The graphΓ0 is called a toroidal graph of
typen in S3 if it further satisfies:

(3) ∆(γ1, λ1)> 2, that is,γ1 is not homotopic toµ1 in S3− intR.
If Γ0 is a toroidal graph of type 1, then it is just a nontrivial torus knot. See Fig. 4 for an

example of a toroidal graph of type 2.
Let N(Γ0) be a regular neighborhood ofΓ0. This is a genusn handlebody. We can

assume thatN(Γ0) is made of the union ofn solid toriN(γi), which are joined by(n− 1)
1-handlesN(αj ). Note that there are disksD1, . . . ,Dn−1, properly embedded inN(Γ0),
which are dual to the 1-handlesN(αj ), and which cutN(Γ0) into n solid tori, i.e., these
disks form a splitting system forN(Γ0).

Denote byη(γi) a regular neighborhood ofγi in the torusTi , this is an annulus, we
can assume thatN(γi) ∩ Ti = η(γi). Consider the annuliFi = Ti − intη(γi). Fi is a
properly embedded annulus inS3− intN(Γ ). Note that the annuliFi are incompressible
in S3− intN(Γ ).

Fig. 4.
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Theorem 4.1. Let Γ0 be a toroidal graph inS3. ThenS = ∂N(Γ0) is incompressible in
S3− intN(Γ0).

Proof. Suppose thatD is a compression disk forS. Look at the intersections betweenD
and the annuliFi . Any simple closed curve of intersection can be removed for the annuliFi

are incompressible, so the intersection, if any, consist only of arcs. Letσ be an outermost
arc inD, this cuts a diskE, where∂E = σ ∪ δ, whereσ is on someFi andδ is an arc in
S. If σ is trivial in Fi , then it determines a disk inFi , and by cuttingD with an outermost
arc inFi , a compression disk having fewer intersections with theFi ’s can be found. So
assume thatσ is nontrivial inFi . If E lies inR1 (S3− intR), this implies thatγn (γ1) is
homotopic to a longitude (meridian) inR1 (S3− intR), which is a contradiction. IfE lies
in a regionTi × [ei, ei+1], this contradicts Lemma 3.1, withFi andFi+1 taking the place
of A andB in that lemma. Finally ifD is disjoint from

⋃
Fi , we again contradict Lemma

3.1. 2
It follows from Lemma 3.1, and an argument as in Theorem 4.1 the following.

Proposition 4.2. Consider the annuliFi contained inS3− intN(Γ0). EachFi is incom-
pressible and∂-incompressible.

5. Tunnel number one knots with incompressible surfaces

Let Γ = (⋃γi) ∪ (⋃αi) be a toroidal graph contained inR as before. Remember that
η(γi) denotes a regular neighborhood of the curveγi on the torusTi . An arcκ contained
in R is level with respect toΓ if it satisfies the following:

(1) κ ∩ T1 consists of two arcs contained inintη(γ1).
(2) κ ∩ Ti consists of two arcs contained inintη(γi), for 26 i 6 n− 1.
(3) κ ∩ Tn consist of one arc contained inintη(γn).
(4) κ ∩ Ti × (ei , ei+1) consists of two straight arcs contained inintN(αi), for 16 i 6

n− 1.
Let k be a knot inS3. We say thatk is a knot of typeGn if there exists a toroidal graph

Γ0 in S3 of typen (Γ0 ⊂ R), such thatk can be expressed ask′ ∪ k′′, wherek′ is an arc
contained inR, which is level with respect toΓ0, andk′′ is an arc properly embedded in
S3 − intR, so thatk′′ projects intointη(γ1), i.e., there is a diskD, with ∂D = k′′ ∪ σ ,
whereσ ⊂ intη(γ1), andintD∩R = ∅. Remember that there are disksD1, . . . ,Dn, which
form a splitting system forN(Γ0). By constructionk lies inN(Γ0), andk intersects each
diskDi twice, that is,k is in good position with respect to(N(Γ0),

⋃
Di). Assume further

thatk is well wrapped inN(Γ0).
If n = 1, then a knot of typeG1 is just a satellite tunnel number one knot. Note that if

n > 2, then a knot of typeGn can be put in level position with respect toΓ0, that is, if
k = k′ ∪ k′′, wherek′ is level with respect toΓ0, then(k′ ∩ T1) ∪ k′′ can be isotoped so
that it lies completely onη(γ1). See Fig. 5 for an example of a knot of typeG2, whose
associated toroidal graph is the one drawn in Fig. 4.
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Fig. 5.

Theorem 5.1. Let k be a knot of typeGn. Thenk has tunnel number one and there is a
closed meridionally incompressible surface of genusn in S3− k.

Proof. By definition k ⊂ intN(Γ0), whereΓ0 is a toroidal graph of typen, andΓ0 is
contained in the solid torusR. Let k = k′ ∪ k′′, wherek′ is a level arc with respect to
Γ0. Let ki = k′ ∩ Ti , for 16 i 6 n. Let τ1 be the core of the solid torusR, and letτ2
be a straight arc inR joining τ1 and one of the endpoints ofkn. Thenτ = τ1 ∪ τ2 is an
unknotting tunnel fork. To see that, slidekn overτ2 and then overτ1 until it disappears,
this can be done becauseTn andτ1 cobound a product region, andτ2 is a straight arc there.
We are left with two straight arcs joining the endpoints ofkn−1 andτ1, which again can
be slided. Continuing in this way we finish havingk′′ andτ1 joined by two straight arcs,
the complement of this complex is clearly a genus 2 handlebody. This shows thatτ is an
unknotting tunnel fork.

Let S = ∂N(Γ0), by Lemma 2.1 the surfaceS is meridionally incompressible in
(N(Γ0), k), and by Theorem 4.1 it is incompressible inS3− intN(Γ0). This shows thatS
is meridionally incompressible in(S3, k). 2

Let k be a knot of typeGn, with associated toroidal graphΓ0. k lies in a genusn
handlebodyN(Γ0). By splittingN(Γ ) with the disksDi , we getn solid tori Hi , andk
is divided inton knots ki . Embed the solid torusHi is S3, in such a way that∂η(γi)
bounds disks in the complement ofHi . Let µi ⊂ ∂Hi be a meridian ofHi . Consider the
link µi ∪ ki in S3.

Proposition 5.2. The linkµi ∪ ki is a2-bridge link.

Proof. Note that by construction, the embedding of the annulusη(γi) in S3 lies over a
sphereF . The knotki is expressed as the union of four arcs,k = k1 ∪ k2 ∪ k3 ∪ k4, where
k2 andk3 lie on the annulusη(γi), k1 lies slightly above the annulus, and can be projected
into it, and similarlyk4 is slightly below the annulus and it can be projected into it. Note
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also thatµi intersects the sphereF in two points. A sphere parallel toF intersect the link
µi ∪ ki in four points, and decomposes it as a sum of two trivial tangles.2

From this we can associate to ak of typeGn certain data. Tok we associate the tuple
(Γ0, b1, . . . , bn), whereb1, . . . , bn are 2-bridge links. Conversely, given such tuple, such
that eachbi is not a trivial link nor the Hopf link, we can construct a knot of typeGn. In
fact, is possible to construct infinitely many knots with a given tuple, by twisting the pairs
of arcs contained in eachN(αi).

A knot k contained in a handlebodyH is called a 1-bridge knot ifk is isotopic toα ∪ γ ,
whereα andγ are simple arcs, so thatα lie on ∂H , andγ is an arc properly embedded in
H which projects to a simple arc in∂H , i.e., there is a diskD ⊂H , so that∂D = γ ∪ γ ′,
whereγ ′ ⊂ ∂H . Note however thatγ ′ may intersectα. (See [23].)

Proposition 5.3. Letk be a knot of typeGn, with associated graphΓ0. Thenk is a1-bridge
knot inN(Γ0).

Proof. The proof is essentially contained in the proof of Theorem 5.1. Letk = k′ ∪k′′, and
let ki = k′ ∩Ti , as before. Take a straight arcτ from kn to ∂N(Γ0), and slidekn overτ and
then over∂N(Γ0); by doing this, part ofk is being pushed into∂N(Γ0). Continue sliding
until k′ has been isotoped to lie in∂N(Γ0), and we are left with an arc, essentially the arc
k′′, which is clearly parallel to an arc lying in∂N(Γ0). 2

6. Iterate tunnel number one knots with incompressible surfaces

LetK be a tunnel number one knot inS3, and letβ = β1 ∪ β2 be an unknotting tunnel
for K, whereβ1 is a simple closed curve, andβ2 is an arc joiningK andβ1. Let S be a
closed surface of genusg contained in the complement ofK; thenS dividesS3 into two
parts, denoted byM1 andM2, where, say,K lies in M2. We say thatS is special with
respect toK andβ if it satisfies:

(1) β1 is disjoint fromS, andβ2 intersectsS transversally in one point, soβ1 lies inM1.
(2) S is essential inM2 −K, i.e., it is incompressible inM2 −K, and not parallel to

∂N(K).
(3) S is meridionally incompressible in(M1, β1).
It follows that if S is special with respect toK andβ , thenM1 − β1 andM2−K are

irreducible, for neitherK norβ1 can lie inside a 3-ball.

Lemma 6.1. LetK andβ = β1∪ β2 as above. Suppose there is a closed essential surface
S in S3−K, which intersectsβ in one point. ThenS is special with respect toK andβ .

Proof. As S is incompressible inM1, it has to be meridionally incompressible in
(M1, β1). 2
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Corollary 6.2. Let k be a knot of typeGn, with associated toroidal graphΓ0, and let
S = ∂N(Γ0). Then there is an unknotting tunnelβ = β1 ∪ β2 for k, such thatS is special
with respect tok andβ .

Proof. Note that the unknotting tunnelτ for k constructed in the proof of Theorem 5.1
intersects the surfaceS in one point. 2

LetK andβ = β1 ∪ β2 as above, and letS be a surface which is special with respect to
K andβ . The surfaceS then dividesβ2 in two arcs,β ′2 andβ ′′2 , whereβ ′2 joinsK andS,
andβ ′′2 joinsS andβ1. It is not difficult to see thatS − intN(K ∪ β) is an incompressible
surface properly embedded in the handlebodyS3 − intN(K ∪ β). This implies that both
M1− intN(β) andM2− intN(K ∪ β) are handlebodies.

Let Γ = (⋃γi) ∪ (⋃αi) be a toroidal graph of typen contained in the solid torusR as
in Section 4. EmbedR in S3 so that it coincides with a neighborhoodN(K) ofK. Assume
that the arcβ ′2 connectsS with a point in∂N(K), so that such point lies onγ1 ⊂ Γ . So
let ΓK be the graphΓ ∪ β ′2, which is properly embedded inM2, i.e., the vertex ofΓK of
degree 1 is contained in∂M2.

Consider the manifoldM =M2− intN(K). This is a compact, irreducible 3-manifold,
whose boundary consists of two incompressible surfaces,S and∂N(K). The curveγ1 of
the graphΓ lies on∂N(K).

The toroidal graphΓ satisfies certain conditions, as stated in Section 4. We say that the
graphΓK is a cabled graph aroundK of type(S,β,n) if it further satisfies the following
condition:

(3) γ1 is not a reducing curve forM, i.e.,M(γ1) has incompressible boundary.
LetH =M1∪N(ΓK). We can assume thatH is made of the union ofn solid toriN(γi)

and a manifoldM1, which are joined by the 1-handlesN(α1), . . . ,N(αn−1) andN(β ′2).
Note that there are disksD1, . . . ,Dn, properly embedded inH , which are dual to the 1-
handles, and which cutH into n solid tori andM1, i.e., these disks form a splitting system
for H .

As before denote byη(γi) a regular neighborhood ofγi in the torusTi , this is an annulus,
we can assume thatN(γi) ∩ Ti = η(γi). Consider the annuliFi = Ti − intη(γi). Fi is a
properly embedded annulus inM2− intN(ΓK)= S3− intH . Note that the annuliFi are
incompressible.

Theorem 6.3. Let ΓK be a cabled graph around the tunnel number one knotK of type
(S,β,n). ThenΣ = ∂H is incompressible inS3− intH .

Proof. This is similar to the proof of Theorem 4.1. Suppose thatD is a compression disk
for Σ . Look at the intersections betweenD and the annuliFi . Any simple closed curve of
intersection can be removed for the annuliFi are incompressible, so the intersection, if any,
consist only of arcs. Letσ be an outermost arc inD, this cuts a diskE, where∂E = σ ∪ δ,
whereσ is on someFi andδ is an arc inS. If σ is trivial in Fi , then a compression disk
having fewer intersections with theFi ’s can be found. So assume thatσ is nontrivial in
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Fi . If E lies in R1 ⊂ R, this implies thatγn is homotopic to a longitude inR1, which is
a contradiction. IfE lies in a regionTi × [ei, ei+1], this contradicts Lemma 3.1, withFi
andFi+1 taking the place ofA andB in that lemma. IfE lies inM2− intN(K ∪β ′2), then
E is a ∂-compression disk forF1 in M2 − intN(K ∪ β ′2), and then Lemma 3.3 implies
thatM(γ1) is ∂-reducible, which contradicts the choice ofγ1. Finally if D is disjoint from⋃
Fi , we again contradict Lemma 3.1 or 3.3.2
GivenK, M2 andM as above, is then desirable to determine all the curves on∂N(K)

which are not reducing curves forM. Suppose there is a properly embedded annulus inM,
with one of its boundary components lying in∂M2 and the other one in∂N(K), which is
denoted byγ . It follows from [4, 2.4.3] thatM(γ1) can be∂-reducible only if∆(γ,γ1)6 1;
if M2 is ∂-reducible, as it will be most of the times, then it follows that eitherK is parallel
to a knot lying on∂M2, or ∂M2 is meridionally compressible, i.e., the slope ofγ is either
integral or meridional.

If there is no such annulus inM, then it follows from [22] that there are at most 3
reducing curves forM, any two of them are at distance 1. So if one of them is the meridian
of K, then∂M2 is compressible, and any other reducing curve has integral slope. IfM2

is a solid torus, then it follows from [9] that if there is some reducing curve other than
the meridian, thenK is a 1-bridge-braid inM2, and ifK is not a cable knot inM2, then
there are at most two reducing curves, others than the meridian. By [2], these knots and the
corresponding surgeries can be classified. IfM2 is not a solid torus, there is not a general
procedure for finding the reducing curves. Note however that the results just mentioned
allow us to construct many cabled toroidal graphs aroundK, even if we do not know
exactly which are the reducing curves.

LetK, β , S, ΓK andH as above. A knotK∗ is of typeGK , if there is a cabled graphΓK
of type(S,β,n), such thatK∗ ⊂H , andK∗ =K1 ∪K2, whereK1 is an arc contained in
N(K), which is level with respect toΓ , andK2 is an arc contained inN(β ′2)∪M1, which
is obtained by slidingβ1 overβ2, soK2 is an unknotting tunnel forK. Note thatK∗ is in
good position with respect to(H,

⋃
Di). By cuttingH along the disksDi , we getn solid

tori H1, . . . ,Hn, andM1, andK∗ is cut into knotsk1, . . . , kn+1. Note that the knotkn+1

which lies inM1 is just the curveβ1. By hypothesis∂M1 is meridionally incompressible
in (M1, kn+1). Assume further that the wrapping number ofki in Hi is > 2 for all i, i.e.,
assume thatK∗ is well wrapped inH .

Theorem 6.4. Let K∗ be a knot of typeGK , with associated cabled graphΓK of
type (S,β,n). ThenK∗ has tunnel number one and there is a closed meridionally
incompressible surface of genusg + n in S3−K∗.

Proof. Let τ1 be the core of the solid torusR, i.e.,τ1 is the knotK, and letτ2 be a straight
arc inR joining τ1 and one of the endpoints ofTn ∩K1. Thenτ = τ1∪ τ2 is an unknotting
tunnel forK∗. LetK∗ =K1 ∪K2. As in the proof of Theorem 5.1, slideK1 overτ , until
K1 disappears, so we are left withK2 joined to τ1. But τ1 is just the knotK, andK2
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is by choice an unknotting tunnel forK, so the complement ofN(K2 ∪ τ1) is a genus 2
handlebody. This shows thatτ is an unknotting tunnel forK∗.
Σ = ∂H is incompressible inS3 − intH by Theorem 6.1, and it is meridionally

incompressible in(H,K∗) by Lemma 2.1, soΣ is meridionally incompressible in
(S3,K∗). 2
Corollary 6.5. Let K∗ be a knot of typeGK , and letΣ be the corresponding closed
incompressible surface in the complement ofK∗. Then there is an unknotting tunnelτ
for K∗ such thatΣ is special with respect toK∗ andτ .

Proof. Note that the unknotting tunnel forK∗ constructed in the proof of Theorem 6.4
intersectsΣ in one point. 2

This shows that the knotK∗, the unknotting tunnelτ and the surfaceΣ can be used
to construct more tunnel number one knots whose complement contain an incompressible
surface; so this iteration process can be repeated arbitrarily.

A knot k contained in a 3-manifoldM is called a 1-tunnel knot (or generalized 1-bridge
knot) if k is isotopic toα ∪ γ , whereα andγ are simple arcs, so thatα lies on∂M, andγ
is a properly embedded arc disjoint from some compressing disk of∂M, andM− intN(γ )
is a handlebody. (This definition is slightly different from the one in [23].)

Proposition 6.6. LetK∗ be a knot of typeGK with associated graphΓK . ThenK∗ is a
1-tunnel knot inH =M1 ∪N(ΓK).

Proof. LetK∗ =K1 ∪K2 as before. Take a straight arcτ fromK1 ∩ Tn to ∂H , and slide
K1 ∩ Tn over τ and then over∂H ; then part ofK∗ is being pushed into∂H . Continue
sliding until K1 has been isotoped to lie in∂H , and we are left with an arc, which is
essentially the arcK2, this lies inM1. Then clearly there is a compression disk disjoint from
K2, say the disk separatingN(ΓK) andM1. By the hypothesis onS and the unknotting
tunnelK2, it follows thatM1− intN(K2) is a handlebody, then so isH − intN(K2). 2

LetK be a tunnel number one knot with unknotting tunnelβ = β1∪β2 as before. IfS is
an incompressible surface inS3−K intersectingβ in one point, then it is easy to check if
S is special with respect toK andβ , as it is done in Lemma 6.1. However ifS is a surface
which is compressible in the complement ofK, then it is not clear whether there exists an
unknotting tunnelβ for K, such thatS is special with respect toK andβ . Or as well, just
given a tunnel number one knotK, it is not clear whether there exist an unknotting tunnel
β , and a surfaceS such thatS is special with respect toK andβ .

A knot K, for which there is an unknotting tunnelβ and a surfaceS which is special
with respect toK andβ , but such thatS is compressible inS3 −K can be constructed
as follows: LetK∗ be a knot of typeGK , with associated cabled graphΓK of type
(S,β,n) and associated surfaceΣ . As noted in Corollary 6.5, there is an unknotting tunnel
τ = τ1∪ τ2 for K∗ so thatΣ is special with respect toK∗ andτ . It follows from the proof
of Theorem 6.4 that the closed curveτ1 is just then knotK, which was assumed to be
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nontrivial. Now change the roles ofK∗ andτ1, i.e., considerτ1 as the knot andK∗ ∪ τ2 as
the unknotting tunnel.Σ dividesS3 intoM1 andM2, whereτ1⊂M1, andK∗ ⊂M2. By
constructionS is incompressible inM1, so is inM1− β1. S is compressible inM2, but by
constructionS is meridionally incompressible in(M2,K). SoΣ is special with respect to
the knotτ1 and the unknotting tunnelK∗ ∪ τ2.

It is also possible to construct examples in which the surfaceS compresses to both sides
in S3, say it bounds handlebodies in both sides. This is as follows: LetS be a surface in
S3 bounding handlebodiesM1 andM2. LetK be a knot lying onS, and suppose there is
an unknotting tunnelβ = β1 ∪ β2 meetingS only in one extreme ofβ2. PushK slightly
into M2, soK will be disjoint fromS, andβ meetsS in one point lying in the interior
of β2. If K is well chosen thenS would be incompressible inM2 −K. HoweverS may
not be meridionally incompressible in(M1, β1). To remedy this, slideβ1 over β2, and
then overK, always intersectingS in two points, after going throughK one or more
times slide it overβ2, getting then another unknotting tunnelβ ′ = β ′1 ∪ β2, whereβ ′1 is a
simple closed curve inM1. Now it is quite possible thatS is meridionally incompressible
in (M1, β

′
1). This construction is, of course, not rigorous, many details have to be checked.

In the case thatS is a surface of genus> 2, we can only prove that the construction works
in some specific examples, but we do not have a general procedure, so such examples are
not included here. In the case thatS is a torus, we can determine all knots for which the
above construction works. This is done in Section 7.

7. Knots with special tori

In this section we determine all the knotsK for which there is an unknotting tunnelβ
and a torusT , such thatT is special with respect toK andβ .

LetR be a standard solid torus inS3. LetA be the annulus of slope(p, q) on∂R, |p|> 2,
where as usualp denotes the number of meridians andq the number of longitudes. The
core ofA is theKp,q torus knot; it is the trivial knot if|q| = 1.

We say that a knotK is a 1-bridge knot with respect toKp,q , if K can be expressed
asK = K1 ∪ K2, whereK1 is a single arc contained inA, andK2 is an arc properly
embedded inR′ = S3− intR, which projects to a simple arc contained inA, i.e., there is
a diskD ⊂ R′, so that∂D =K2 ∪K ′2, whereK ′2⊂A. Let β be the core of the knotKp,q ,
i.e., the core of the solid torusR. Letα be a straight arc inR connectingK andβ . Clearly
β ∪α is an unknotting tunnel forK. We can assume thatK is contained inN(A), and then
T = ∂N(A) is a torus which is special with respect toK andβ ∪ α, provided thatK is not
parallel toKp,q . If |q|> 2, thenK is just a satellite tunnel number one knot.

Let |q|> 2. We say that a knotK is a 1-bridge-tunnel knot with respect toKp,q , if K
can be expressed asK =K1 ∪K2, whereK1 is a single arc contained inA, andK2 is an
arc properly embedded inR′ = S3 − intR such thatK2 ∩K1 = ∂K1 = ∂K2, and so that
K2 is one of the standard unknotting tunnel for the torus knotKp,q (see [3]). Consider the
torus knotKp,q embedded inR, lying parallel to the annulusA. Take a straight arcα ⊂R
connectingKp,q andK. Note thatK ∪α is an unknotting tunnel forKp,q . LetT be a torus
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Fig. 6.

parallel to∂R, which intersectsα in one point. If the wrapping number ofK in R′ is> 2,
thenT is special with respect toKp,q andK ∪ α. Note also thatKp,q ∪ α is an unknotting
tunnel forK, so ifK is a nontrivial knot, thenT is special with respect toK andKp,q ∪α.
See Fig. 6 for an example of a knot which is a 1-bridge-tunnel with respect to the trefoil
knot.

LetKp,q,r,s be a cable knot with tunnel number one, i.e., it is a(p, q)-cable of a(r, s)-
torus knot, such thatp = qrs ± 1 [16]. In a similar way we define the notion of being
1-bridge-tunnel with respect toKp,q,r,s . Consider the torus knotKr,s , and letA be the
annulus of slope(p, q) on ∂N(Kr,s). Assume thatKp,q,r,s is embedded inN(Kr,s), lying
parallel to the annulusA. We say that a knotK is 1-bridge-tunnel with respect toKp,q,r,s
if K =K1 ∪K2, whereK1 is an arc lying onA, andK2 is an arc properly embedded in
S3− intN(Kr,s), which is one of the standard unknotting tunnels forKp,q,r,s (see [16]).
Let α be a straight arc inN(Kr,s) connectingK andKp,q,r,s . Let T be a torus parallel
to ∂N(Kr,s), which intersectsα in one point. Note thatK ∪ α is an unknotting tunnel
for Kp,q,r,s , and thatT is special with respect toKp,q,r,s andK ∪ α. Similarly, note that
Kp,q,r,s ∪ α is an unknotting tunnel forK, and thatT is special with respect toK and
Kp,q,r,s ∪ α.

Note that ifK is a torus knot, or a cable of a torus knot, then there are infinitely many
unknotting tunnelsβ = β1 ∪ β2, for K, such that there is torusT which is special with
respect toK andβ . These knots have only finitely many unknotting tunnels up to isotopy,
however there are infinitely many choices for the curveβ1.

Theorem 7.1. Let K be a nontrivial tunnel number one knot. Suppose there is an
unknotting tunnelβ = β1 ∪ β2 for K, and a torusT which is special with respect toK
andβ . ThenK andβ1 are one of the following:

(1) K = a 1-bridge with respect to the torus knotKp,q , andβ1= the core of the torus
knotKp,q .

(2) K = the torus knotKp,q , andβ1= a 1-bridge-tunnel with respect toK.
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(3) K = a 1-bridge-tunnel with respect to the torus knotKp,q , andβ1= the torus knot
Kp,q .

(4) K = a cable knot with tunnel number one knotKp,q,r,s , andβ1 = a knot which is
1-bridge-tunnel with respect toK.

(5) K = a knot which is1-bridge-tunnel with respect to a cable knot with tunnel number
oneKp,q,r,s , andβ1= the cable knotKp,q,r,s .

Proof. Suppose thatK has an unknotting tunnelβ = β1 ∪ β2 and that there is a torusT
which is special with respect toK andβ .

ThenL=K∪β1 is a tunnel number one link, at least one of its components is nontrivial,
and there is an essential torusT in its complement which separates its components;T

bounds at least one solid torus inS3. In [7] all non-simple links with tunnel number one
are described.

The links described in Theorem 1 of [7] are the following: (1) a connected sum of a
2-bridge knot and the Hopf link, (2) a link formed by a nontrivial torus knot and the core
of the torus knot, (3) a torus link of type(2,2p). The links of case (1) contain an essential
torus but does not separate the components of the link. The links in the remaining cases do
not contain essential tori.

In Theorem 2 [7] two sets of links are described. In the first class we have links of the
type l = l1 ∪ l2, wherel1 is a 1-bridge knot with respect to a torus knotKp,q , andl2 is the
core of the knotKp,q , so this satisfies case (1), withK = l1 andβ1= l2.

In the second class of links described in Theorem 2 of [7], we have links of the form
l = l1 ∪ l2, where l1 is a torus knotKp,q , or a cable of a torus knotKp,q,r,s , with
p = qrs ± 1, andl2 is a 1-bridge-tunnel with respect to tol1. When l1 is a torus knot,
there is an essential torus in the complement ofl which is unknotted inS3, so these links
satisfy case (2) or (3) of the theorem, depending of which ofl1 or l2 is chosen to be the
knot and which is part of the unknotting tunnel. Whenl1 is a cable knot, then there is an
essential torus inl, which is knotted, andl1 lies inside of a neighborhood of such knot. So
these links satisfy case (4) or (5) of the theorem, depending which ofl1 or l2 is chosen to
be the knot and which is part of the unknotting tunnel.2
Remark. In the previous theorem we determine the possible choices for the knotK and
the curveβ1, but we have not determined all the possible choices for the arcβ2, i.e., we
have not determined all the unknotting tunnels for the linkK ∪ β1 which intersects the
torusT in one point.

8. On hyperbolic knots of typeGn or GK

Theorem 8.1. Let k be a tunnel number one knot whose complement contains a closed
incompressible surface of genus2, or let k be a knot of typeGn, with associated graphΓ ,
such that the wrapping number ofk in (N(Γ ),Di) is at least3. Thenk is an hyperbolic
knot.
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Proof. We show thatk is not a torus knot, and not a satellite knot, then by results of
Thurston it follows thatk is hyperbolic.k cannot be a torus knot, for such knots do not
contain closed incompressible surfaces. It remains to prove that it is not a satellite knot.

Supposek is a tunnel number one satellite knot, with satellite torusT . Then by [16], its
exterior can be expressed asE(k)=W ∪T B, whereW is the exterior of a torus knot and
B is the exterior of a 2-bridge link, joined so that a meridian ofB is glued to a fiber of the
Seifert fibration ofW , and a longitude ofB is glued to a meridian ofW . Suppose there is a
closed incompressible surfaceS inE(k) of genus greater than 1.T andS must intersect, for
there is no closed incompressible surface inW or inB. T andS can be arranged so that they
intersect in a collection of simple closed curves which are essential in bothS andT . T cuts
S into pieces, letSW be the part ofS lying in W , and similarlySB the part ofS lying in B.
Each component ofSW or SB is incompressible and∂-incompressible inW or in B, for
otherwise the number of intersections curves could be reduced. LetS′ be a component of
SW , thenS′ is either an annulus or a Seifert surface for a torus knot [20]. If it is an annulus,
thenSB is an essential surface in a 2-bridge link exterior having meridional slope, which
is impossible (it would imply that there is a closed essential surface in the 2-branched
cover of the link, which is a lens space). So each component ofSW is a Seifert surface.
This implies thatSB consist of one component, which is a surface inB meeting only one
component of∂B, with slope 1/n, |n| > 6. This implies that each curve of intersection
betweenS andT is separating inS. It is not difficult to see thatSB cannot be an annulus;
soSB is a planar surface with four or more boundary components, or genus(SB) > 1. In
particular this shows that genus(S)> 3.

Suppose nowk is also a knot of typeGn, with associated graphΓ . Let H = N(Γ ).
H ∩ T consist of a collection of annuli, which must be essential in(H, k). LetA be such
an annulus. If the wrapping number of eachki is at least 3, then Lemma 2.3 implies that
each component of∂A is a nonseparating curve inS. This contradicts that each curve of
intersection betweenS andT is separating inS. Sok cannot be a satellite knot.2
Remark. This theorem may not be the best possible. One expects that all the tunnel
number one knots having a closed incompressible surface of genusg > 2 are hyperbolic.
This could be proved if an affirmative solution to the following conjecture is given.

Conjecture. There are no essential surfaces in a 2-bridge link exterior, with boundary in
only one component and slope 1/n, |n|> 6.

Note however that 2-bridge links exterior do have essential surfaces with boundary lying
only in one component [13]. Another approach to prove that all such knots are hyperbolic
would be by doing an improvement of Lemma 2.3.

Let k be an hyperbolic knot of typeGn or GK , so its complement contains a closed
incompressible surfaceΣ . Σ bounds a 3-manifoldH in which k lies. ClearlyΣ is
compressible inH , and by construction it is meridionally incompressible in(H, k). It is
interesting to determine the geometry inherited byΣ . Note first thatΣ cannot be a totally
geodesic surface, for its complement contains essential annuli. SoΣ is quasi-Fuchsian or
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it contains an accidental parabolic element. If the latter happens then there is an annulus
running fromΣ to a curveγ on ∂N(k). As Σ is compressible inH , and meridionally
incompressible in(H, k), it follows from [4, 2.4.3] thatγ is a curve with integral slope on
∂N(k). So a surfaceΣ contains an accidental parabolic if and only if the knotk is parallel
to a curve on the surfaceΣ . See [1] for a discussion of quasi-Fuchsian surfaces.

There is a splitting systemDi for H , so thatk is in good position and is well wrapped
with respect to(H,

⋃
Di). The disksDi cutH into submanifoldsH1, . . . ,Hn, andk is cut

into knotsk1, . . . , kn, which lie inH1, . . . ,Hn, respectively. Ifk is parallel to a knot lying
onΣ = ∂H , then by Lemma 2.2, eachki is parallel to a knot lying in∂Hi . This implies
the following.

Proposition 8.2. Let k be a knot of typeGn, with associated tuple(Γ0, b1, . . . , bn). k is
parallel to a knot lying on∂N(Γ0) if and only if each linkbi associated tok is a 2-bridge
toroidal link.

Proof. This follows from Lemma 2.2 and Proposition 6.2.2
Proposition 8.3. LetK∗ be a hyperbolic knot of typeGK , with associated cabled graph
ΓK of type(S,β,n). Assume thatS is incompressible in the complement ofK. Then the
surfaceΣ = ∂(M1∪N(ΓK)) is quasi-Fuchsian.

Proof. It suffices to show thatK∗ cannot be parallel to a knot lying onΣ . By cutting
H =M1 ∪ N(ΓK) with a splitting system of disks, we getn solid tori and a 3-manifold
M1 with incompressible boundary. The piece ofK∗ contained inM1 is an arcK2. If K∗ is
parallel to a curve lying onΣ , then by Lemma 2.2,K2 will be parallel to a curve lying on
∂M1, which is impossible, forM1− intN(K2) is a handlebody. 2

Using SnapPea, the computer program for studying hyperbolic 3-manifolds [21], we
have tried to find the knot with smallest volume which has a closed incompressible surface
S in its complement. LetΓ = γ1 ∪ γ2 ∪ α1 be the toroidal graph determined by the
curvesγ1 = (2,1), andγ2 = (4,3). Let b1 be the(2,4) toroidal link, and letb2 be the
Whitehead link. So far, the knot with least volume that we have found is given by the tuple
(Γ, b1, b1), and it has vol= 6.2597017011. This knot is shown in Fig. 7. In this case the
knot is parallel to the surfaceS, i.e., the surface contains accidental parabolic elements.
The knot with least volume that we have found, such that its complement contains a
quasi-Fuchsian surface, is given by the tuple(Γ, b2, b1) and it has vol= 10.7227053668.
This knot is shown in Fig. 8, but note that for simplicity it is not drawn in level
position.

Another question about a knotk of typeGn orGK that may be interesting, is to determine
whether or notk has a 1-bridge presentation with respect to a standard torusT in S3. If
k has a 1-bridge presentation with respect to the torusT then it has an unknotting tunnel
τ = τ1 ∪ τ2 such thatτ1 is an unknot, andτ2 is an arc connectingk andτ1; that is, forτ1
take the core of one of the solid tori bounded byT , and forτ2 take a straight arc joiningk
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Fig. 7.

Fig. 8.

andτ1. Conversely ifk has an unknotting tunnelτ = τ1 ∪ τ2, whereτ1 is the unknot, then
it is a consequence of Jaco’s 2-handle addition lemma thatk has a 1-bridge presentation
with respect toT (see [5] for details).

Note however that there exist tunnel number one knots which do not admit a 1-bridge
presentation with respect to a torus. In fact, a tunnel number one knot admits a 1-bridge pre-
sentation with respect toT if and only if it has the property thattn(k+k)= 3, wheretn de-
notes tunnel number [15]. It has been shown that there are knots with this property [14,17].

From these observations it follows that ifk is a knot of typeGn, thenk has a 1-bridge
presentation with respect toT . However, it seems that ifk is a knot of typeGK , then it does
not have such presentation, for it has an unknotting tunnel which is knotted. However this
is not a proof, fork could have some other non-obvious unknotting tunnel.
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